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Abstract: This paper studies the fractional differential problems of two types of fractional analytic functions based
on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative. Any order fractional derivatives of these two
types of fractional analytic functions can be obtained by using fractional Euler’s formula, fractional DeMoivre’s
formula, and fractional Fourier series method. A new multiplication of fractional analytic functions plays an
important role in this paper. In fact, our results are generalizations of the results of classical calculus. On the other
hand, two examples are provided to illustrate our results.
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I. INTRODUCTION

Fractional calculus has attracted the attention of scientists and engineers since a long time ago, leading to the development
of many applications. Since the 1990s, fractional calculus has been rediscovered and applied in more and more fields, such
as physics, control engineering, mechanics, dynamics, modeling, signal processing, biology, economics, electrical
engineering, and so on [1-10].

However, the definition of fractional derivative is not unique, there are many useful definitions, including Riemann-
Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative,
Jumarie’s modified R-L fractional derivative [11-16]. Jumarie revised the definition of R-L fractional derivative with a new
formula, and we obtained that the modified fractional derivative of a constant function is zero. Therefore, by using this
definition, it is easier to link fractional calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional derivative, we discuss the fractional differential problems of the
following two types of a-fractional analytic functions:

Lng(1+ 7% + 27 cos,(6%)), (D
and
arctan[(r - sing(8%)®[1 + 1 - cos,(6%)]® )] )

Where 0 < a < 1, and r is a real number, |r| < 1. We can use fractional Euler’s formula, fractional DeMoivre’s formula,
and complex fractional analytic function method to obtain the arbitrary order fractional derivatives of the above fractional
analytic functions. A new multiplication of fractional analytic functions plays an important role in this article. In fact, the
results we obtained are generalizations of traditional calculus results. On the other hand, some examples are given to
illustrate our results.

I1. DEFINITIONS AND PROPERTIES

First, we introduce fractional calculus and some important properties used in this paper.

Definition 2.1 ([17]): If 0 < « < 1, and 6y, is a real number. The Jumarie’s modified R-L a-fractional derivative is defined
by

_ 1 a6 fx)-f(Bo)
(6, LN O] = 25 Jos "o 2% 3)
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where I'( ) is the gamma function. In addition, we define (1§)" [F(8)] = (g,I&) (o,1&)  (o,I&)F(6)], and it is
called the n-th order a-fractional derivative of f(8), where n is a positive integer.

Proposition 2.2 ([18]): If «,p,6,, C are real numbers and 8 = a > 0, then

(8,080 = )] = ;2202-(6 = 60)F~, @)
and
(a,08)IC] =0. ®)

In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([19]): If 6, 6,, and a;, are real numbers for all k, 6, € (a,b), and 0 < a < 1. If the function f,:[a,b] = R

can be expressed as an «-fractional power series, that is, f,(6%) = Y- om(e 6,)%% on some open interval

containing 6,, then we say that £, (6%) is a-fractional analytic at 8,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic
function on [a, b].

Definition 2.4 ([20]): If 0 < @ < 1, and 6, is a real number. Let f,(0%) and g, (6%) be two a-fractional analytic functions
defined on an interval containing 6, ,

a a ®k
fa(6%) = Zl?:o —F(kak+1)( - Qo)k =% o> Ak (ﬁ( _ go)a) , (6)
®K
94(6%) = Z'?zoﬁ(g = 000" = X0, (F(a1+1)( - 90)“) : @)
Then
fa(09) ® go.(0%)
= Zio r(ka+1) Tarn (&~ 00" ® Eio F(ka+1) Fearn (&~ 00"
= Zl?:om (Zﬁl=0 (71:1) ak—mbm) (Ch Qo)ka. (8)
Equivalently,
f“(ga) ® ga(H“)

1

= Zk 0% 2 (F(a+1) G 90)“) ® Zk 0% ok (F(a+1) (Chs Qo)a)®k

= 5202 (Zheo (X) aicmbn) (725 0 - 00%)” ©
Definition 2.5 ([21]): Suppose that 0 < @ < 1, and f,(8%), g,(8%) are a-fractional analytic at 8 = 6, ,
Fu0%) = 57 (0 — 00 = 50 % (s (0 - 00)) (10)
90%) = 07 (0 - 0 = 550 2 (-2 (0 - 09)%) 1y
The compositions of f,(6%) and g,(6%) are defined by
(fi © 9O = fo(9a(09) = N0 2% (9.(69) %", (12)
and
(Ga © £)O9) = ga(fa(09) = B0 (£(6)) ™" (13)

Definition 2.6 ([21]): Let 0 < a < 1. If £,(6%), g, (6%) are two a-fractional analytic functions satisfies
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1
I'(a+1)

(fa © 9a)(0%) = (ga © f)(69) = 6. (14)

Then £, (69%), g,(8%) are called inverse functions of each other.

Definition 2.7 ([21]): If 0 < a < 1, and @ is any real number. The a-fractional exponential function is defined by

gka 1 1 Rk
ay _ o _ Voo 1 a
Ee(60%) = Xi=o [(ka+l) Li=o k! (F(a+1) 6 ) ) (15)

And Ln, (6%) is the inverse function of E,(6%). In addition, the a-fractional cosine and sine function are defined as follows:

o oo (~DKEZKE kg 2\ ®2K
c05a(0%) = Xi=o r(2ka+1) Lic=o (2k)! (I‘(a+1)9 ) ’ (16)

and

(_1)k9(2k+1)a v (71)16 1 « ®(2k+1)
[(k+Da+1)  “k=0 2+1) (F(a+1) ) )

sing (6%) = Xx~o (A7)

Definition 2.8 ([22]): If 0 < @ < 1, and r is any real number. Let f,(6%) be a a-fractional analytic function. Then the a-
fractional analytic function £, (8%)®" is defined by

f2(89)®7 = Eq (1 Lng(f2(69))). (18)

Definition 2.9 ([23]): Suppose that 0 < a <1, i =+v—1, and £,(0%), g,(0%), p,(6%), q,(6%) are a-fractional real
analytic at 0 = 6,. Let z,(0%) = f,(0%) +ig,(6%) and w,(6%) = p,(6%) + iq,(0%) be complex analytic at 8 = 6,,.
Define

7o (09)®@w, (6%)
= (fo(8) +i go(69))®(Pa(6%) + i 4o (6))
= [fa(09)®py(6%) — ga(09)Rq,(6%)] + i[fo (0%)®qy(0%) + g (0%)®pe (09)]. (19)

Moreover, we define
|26 = ([fu (O] + 946919 (20)
Proposition 2.10 (fractional Euler’s formula) ([24]): Let 0 < a < 1, 8 be a real number, then
E,(i0%) = cos,(0%) + isin, (6%) . (21)
Proposition 2.11 (fractional DeMoivre’s formula) ([24]): Let 0 < a < 1, n be any positive integer, then
(cosa 6%) + isin, (9“))®n = cos,(nO%) + isin, (n6%) . (22)

Theorem 2.12 (chain rule for fractional derivative) ([24]): Let0 < a < 1, g,(6%) be a-fractional analytic at 6 = 6, and
f.(6%) be a-fractional analytic at 8 = g,(6§). Then

(DN i © 92D O = (58508 ) [fe @ (92 (69)® (6,08 [9 (D). (23)

Definition 2.13 (fractional Fourier series) ([23]): If 0 < a < 1, and £,(6%) is a-fractional analytic at & = 0 with the same
period T, of E,(i6%). Then the a-fractional Fourier series expansion of f,(6%) is

%ao + Y1 agcos, (k6%) + bysin, (k6%), (24)

ao = (olff (6],
where § @ = = (olf,)[fa(0%) ® cos, (k6)], (25)
bic = o (£ [fe(07) ® sin, (k6]

for all positive integers k.

In the following, the inverse fractional trigonometric functions are introduced.
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Definition 2.14 ([25]): Let 0 < a < 1. Then arcsin, (6%) is the inverse function of sin,(8%), and it is called inverse a-
fractional sine function. arccos, (6%) is the inverse function of cos,(6%), and we say that it is the inverse a-fractional
cosine function. On the other hand, arctan,(6%) is the inverse function of tan,(6%), and it is called the inverse a-
fractional tangent function. arccotan,(6%) is the inverse function of cot,(68%), and we say that it is the inverse a-
fractional cotangent function. arcsec,(6%) is the inverse function of sec,(6%), and it is the inverse a-fractional secant
function. arccsc, (6%) is the inverse function of csc, (6%), and it is called the inverse a-fractional cosecant function.

I1l. RESULTS AND EXAMPLES
To obtain the major results in this paper, the following lemmas are needed.

Lemma3.1: If 0 < a <1, andn is any positive integer, then
( ODg)n[sina(Q“)] = sin, (9“ +n- T—“), (26)
and
(0D§)"cos, (6] = cos, (6% +n-™=). (27)
Proof Ifn = 1, then ( (D§)[sin,(6%)] = cos,(6%) = sin, (9“ + 2—“) Suppose that n = m holds. That is,
a\Mr . . a Ta
( 0D‘g) [sin,(0%)] = sin, (9 +m 4).
Thenifn=m+1,
(o)™ [sin, (69)]
= (05) | (0D8) " sin, (61|
, Ta
= (oD§) [sma (9“ +m:- T)]
Ta
= cos, (9“ +m- T)
. Ty
= sin, (6“ +(m+1) 'T)' (28)
By induction, Eq. (26) holds. Similarly, we can easily show that Eq. (27) holds. Q.e.d.

Lemma 3.2: Let 0 < a < 1 and if z,(6%) is a complex a-fractional analytic function such that |z, (6%)|g < 1. Then

_1\k+1
Lng(1+2,(6%)) = 2y o — [z, (09)]%F . (29)
Proof By chain rule for fractional derivative, we have
(D) Lng(1 +2,(69)] = [1 + 2, (0)]® ' ®( oD§ ) [2.(69)]- (30)
And
_1\k+1
(0D) |2y o[22 (6901 = [1 + 24 (6)1® & ( 00§ ) [z (6D)]. 31)
Therefore,
_yk+1
Lng(1+ 24(09)) = £y T — 22 (0% Qed.
Lemma3.3:If 0 < a <1, risareal number and |r| < 1. Then
_1k
Lng(1+ 7% + 27 - cos,(6%)) = Zle%rkwsa (k6%). (32)
And
_1k
arctan[(r - sing (0))®[1 + 1 - cos,(09)]® )] = T, T2 rksing (ko). (33)
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Proof Letz,(0%) =r - E,(i6%), then by fractional Euler’s formula, z,(6%) = r - cos,(0%) + ir - sin,(6%). Thus, by
Lemma 3.2, we obtain

Ing(1+7  Eo(i67) = T X0 r - B, (109)]%%, (34)

Using fractional DeMoivre’s formula yields

Lng(1+7 - cos,(0%) + ir - 5in, (6%)) = T 1 i r*E, (ik6%). (35)
Hence,
([(1 +r - cosa(H“)) + (r sma(Q“))®2D
+Ln, ( (1 +r - cosa(é?"‘))®2 + (r : SL'na(é?"‘))m]@_1 Q1+ 71 -cos,(0%) +ir- sina(Q“)]>
—ye (_ll)ckﬂrk(cosa (k6) + ising (k8%)). (36)
Therefore,
Lng(1+ 72 + 27 - cos,(6%))
+Lna([1 + 72 +2r - cos, (098 1Q[1 + 1 - cos,(0%) + ir - siny, (69)])
=y ¢ k(cosa(kH“) + ising (k69)). (37)
So,
Lng (1472 + 27 - co5,(609))
+Lna(Ea(iarctan[(r - sing (09)®[1 + 1 - cos,(6)]® 1)
= 3, Y e cos, (k6%) + i iy T2 rhsing (k6%). (38)
Thus,
Lna(l + 72 + 21 cos, (0% )) Dhe 1 r kcos, (kB%).
And
arctan[(r - sing (0%)Q[1 + 1 * cos,(09)]® )] = X 1 r ksing (kO%).
Q.ed.

The following is the major result in this paper.
Theorem 3.4: Let 0 < @ < 1, and n be any positive integer, then the n-th order a-fractional derivatives
( ODg‘)n[Lna(l + 7%+ 21+ €05,(09)] = T (=D ¥k cos, (k@“ +n- T4—“) (39)
And
( ODg‘)n[arctan[(r “Sing (0M)®[1 + 1 - 05, (0912 ]| = Tpo (- 1)** rkkLsin, (k@“ +n- %"‘) (40)

Proof By Lemmas 3.1 and 3.3, we have

( ng)n[Lna(l +712 4+ 21 c05,(6%))]

= (o0§)" [zk S8 1 cos, (k)|

=y 1 r cosa(kG“)( oD§ )n[cosa(ke"‘)]
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= Y (D rkk" cos, (ke“ +n- %)
And

( ODg‘)n[arctan[(r - sing (09)®[1 + 1 - cos,(6%)]1® 1]

k+1

= (oD§)" |y ¥ sing (ko))

(_1)k+1

p rksing (k0%)( ODg‘)n[sina (k69)]

= Z}io=1

=¥ (—D)kFrkgnlgin,, (kea i TT)
Q.e.d.
Finally, two examples are provided to illustrate our results.

Example 3.5: Assumethat 0 < a < 1,and letr = § and n = 6, then using Theorem 3.4 yields
6 10 2
(oD§) [Lna (? + cosa(e"‘)>].
- 1\k T,
= 22 (—1)** (5) kScos, (k6% +6-2)

nk
= 2 (-1) (5) Kkocos, (k6%). (41)

Example 3.6: Let0 < a < 1,and ifr = Zand n = 8, then by Theorem 3.4,
a)® 3. o a 3 a]®
(oD§) |arctan (Z - sing(09)® [1 +2 7 cos, (6 )] )
o 3\k ) Ty
= 2y (D)% (3) K7 sing (k6% + 8- %)

= 5 (-1 (2) K sing (ko). 2)

IV. CONCLUSION

In this paper, we study the fractional differential problems of two kinds of fractional analytic functions. We can obtain any
order fractional derivatives of these two kinds of fractional analytic functions by using fractional Euler’s formula, fractional
DeMoivre’s formula, and fractional Fourier series method. A new multiplication of fractional analytic functions plays an
important role in this paper. In fact, the results obtained in this paper are the extension of the results of ordinary calculus.
On the other hand, some examples are given to illustrate our results. In the future, we will continue to use the above methods
mentioned above to solve the problems in applied mathematics and fractional differential equations.
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